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We investigate experimentally the nonlinear structures which develop from inter-
acting vortex rings induced by a sinusoidally oscillating ellipsoidal disk in uid at
rest. We vary the scaled amplitude or Keulegan-Carpenter number, 0:3 < KC =
2A=c < 1:5, where A is the oscillation amplitude and c is the major diameter of the
disk, and the scaled frequency or Stokes number, 100 <  = fc2= < 1200, where
f is the frequency of oscillation and  is the kinematic viscosity. Broadly consistent
with global linear stability analyses, highly organized nonlinear structures with clear
azimuthal wavenumber emerge as sequential vortex rings are shed from the disk.
These organized structures exhibit wavenumbers ranging from m = 2 to m = 9,
and can be further divided into two distinct classes, distinguished by the phase and
symmetry properties above and below the disk. We nd some discrepancies between
experiments and linear stability analysis, due to the inherent nonlinear mechanisms
in the experiments, particulary on the boundary between the two branches, present-
ing unevenly distributed ow structures along the azimuthal direction.
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2I. INTRODUCTION
Vortex rings are canonical structures in uid mechanics, due to their broad appearance in
the natural world, ranging from volcanic eruptions [1] to the propulsion of jellysh and other
aquatic creatures [2{5]. Vortex rings also have wide engineering applications, for example
in underwater drilling, combustion, articial olfaction and combustion [6]. The dynamics of
a vortex ring has been found to be dominated by large-scale structures, for instance in the
breakdown of a vortex ring [7], and in turbulent transport and subsequently the ecient and
environmentally-clean operation of a combustor [8]. The manipulation, either excitation or
suppression, of such large-scale coherent structures by means of passive or active control
has been found to enhance mass entrainment rate [9{12] or reduce noise [13]. In Ref. [9],
Grinstein et al. used a set of ve pairs of split delta-wings installed at the jet exit to
stimulate the preferred large coherent structures which have a ve-fold symmetry in the
azimuthal direction. In Ref. [11], Onder & Meyers applied three actuators near the nozzle
exit and observed a hexagram deformation of the vortex ring, as well as ner secondary
structures further downstream.
Although there is still a lack of understanding of the underlying growth mechanisms
for such azimuthally periodic structures, it is reasonable to suppose that the observed,
inherently nonlinear structures, not least because of their observed symmetries, can be
considered to be the consequence of linear instabilities triggered by innitesimally small
perturbations. Although at suciently small Reynolds numbers, vortex rings are generally
considered to be highly robust[14], it is also well-known that at suciently high Reynolds
number, vortex rings are unstable, and indeed can become fully turbulent [15]. A vortex
ring propagating through an otherwise quiescent uid was shown to be prone to the so-
called Moore-Saman-Tsai-Widnall (MSTW) instability [6, 15{18], which was originally
identied through consideration of a straight vortex tube subject to a straining eld in
a plane perpendicular to the tube axis[17]. The underlying instability dynamics can be
much more complicated when vortex rings interact either with ow boundaries or with each
other, with multiple structures with non-zero azimuthal wavenumber being observed both
experimentally [19, 20] and numerically [21{23]. Indeed, strong interactions between vortex
rings, such as reconnection, leading to a change in their topology, have been found to aect
key properties, such as intermittency and scalar mixing, of the ensuing turbulence[24].
In an isolated vortex ring, the azimuthal wavenumber observed in experiments can be
as large as m = 12 [25], while the highest azimuthal wavenumber observed in the head-on
collision of two vortex rings is m = 20 [20]. However, to the best of our knowledge, no
previous publication has reported a wavenumber less than 6, which appears to be a cut-o
value for the isolated vortex ring instabilities.
Recently, we proposed a new model to investigate the instabilities arising from interacting
vortex rings, generated by a periodically oscillating oblate spheroid disk [26]. At sucient-
ly low oscillation frequencies, the vortex ring loses axisymmetry due to a single branch of
instability, while at higher oscillation frequencies, and hence stronger ring-ring interaction,
the onset of non-trivial azimuthal structure is associated with multiple qualitatively distinct
instabilities, with azimuthall wavenumbers ranging from m = 2 to m = 10. The associat-
ed nonlinear coherent structures were investigated by three-dimensional direct simulations,
and in Fig.1, we show two typical cases corresponding to two qualitatively dierent branch-
3FIG. 1. (Color online) Vortical structures obtained by three-dimensional simulations for (a)
(KC; ) = (0:735; 500) and (b) (KC; ) = (0:879; 500) [26]. Note that the vortical structures
shed above and below the disk are in phase or symmetric in (a) and out of phase or asymmetric
in (b). KC and  are dened in (1).
es within the multiple instability regime (see [26] for further details). Here the symmetric
(in-phase) (in Fig.1a) and asymmetric (out-of-phase) (in Fig.1b) structures on either side of
the disk can be clearly identied. Here we develop an experimental model to visualize thee
vortex rings in this high frequency regime, as we believe these high azimuthal wavenum-
ber instabilities are both inherently interesting and highly relevant in various applications
associated with vortex ring ows.
II. PROBLEM FORMULATION AND METHODOLOGY
Following the setup in [26], we x the aspect ratio of the oblate spheroid at AR = b=c =
0:1, where b and c are the minor and major diameters of the oblate spheroid, respective-
ly. The spheroid oscillates vertically with a frequency f and an amplitude A, periodically
shedding vortex rings from either side. This ow is characterized by two independent pa-
rameters:  the non-dimensional frequency or Stokes number; and KC, the non-dimensional
amplitude or Keulegan-Carpenter number respectively, dened as
 =
fc2

; KC =
2A
c
; (1)
where  is the kinematic viscosity of the uid.
When there is no disturbance, the ow converges to an axisymmetric and time-periodic
base state, whose stability can be examined using Floquet analysis. Specically, any per-
turbation of this base ow can be decomposed as the sum of modes
u0(r; ; z; t) =
+1X
m=0
u(m)(r; z; t)eim: (2)
where i =
p 1. Since the linear dynamics of modes with dierent m are decoupled, Flo-
quet analysis can be carried out independently at each prescribed azimuthal wavenumber.
4FIG. 2. (Color online) Regime diagram for axisymmetry-breaking instabilties in the    KC
plane. The dashed line, ReH =  KC2 = 467 bounds, to the lower-left, the regime with m = 1
instability. The solid line, ReL =  KC3=2 = 180 bounds, to the upper right, the symmetry regime
(m = 0). Between these two lines, the lled circles with dierent colors mark dierent wavenumbers
visualized by experiments, and the blocks with dierent colors represent the regimes with dierent
wavenumbers determined by linear stability analyses. The region between the two lines can be
further divided into an `in-phase' branch and an `out-of-phase' branch by the dash-dotted line. The
insets show the experimental visualizations of a typical symmetric ow at (KC; ) = (0:565; 405)
(marked by +), and an asymmetric ow at (KC; ) = (0:942; 816) (marked by ).
To determine the structure of the most unstable mode and its growth rate, we dene a
(T periodic) operator A. This operator evolves a perturbation from t = 0 to t = T = 1=f
by integrating forward in time the Navier-Stokes equations, linearized about the calculated
axisymmetric base ow, and so formally:
u0(T ) = A(T )u0(0): (3)
The actual (real) growth rate of the most unstable mode can then be obtained as Real(max) =
T 1ln(Real(max)), where max is the leading (i.e. with largest real part) eigenvalue of A.
This dominant eigenvalue can be calculated by applying an Arnoldi method to a Krylov
subspace constructed from `snapshot' ow solutions of the linearised Navier-Stokes equa-
tions. Instability occurs when the Floquet multiplier m = exp(mT ) leaves the unit circle,
i.e. jmj > 1.
In the calculation of both the base ow and the Floquet instabilities, a spectral-element
code is adopted to discretize the governing equations [27]. This code has been successfully
applied to various ow problems [28{30]. The grid has 812 spectral elements, each of which
is further decomposed into 64 (8 8) nodes, producing convergence of the growth rate with
an accuracy of 0:5%. In an eort to eliminate boundary eects, the far-eld boundary is
5located 25c from the disk centre.
Experiments are performed using a water tank with internal dimensions 60cm  60cm 
70cm. The oblate spheroid `disk', with c = 10cm and b = 1cm is attached at its center to a
vertical stainless steel tube with a diameter of 0.5cm at its lower end. The upper end of the
stainless tube is attached to a slider, which is oscillated along a rail by means of a scotch
yoke mechanism. For ow visualization, uorescent particles are injected from a very thin
slot (0.5mm width) along the edge of the disk. The particles are illuminated and the ow
pattern is photographed in both top-view and side-view.
III. FLOQUET STABILITY RESULTS
As shown in Fig.2, the ow is stable and symmetric at suciently low KC or . This
stable sub-space is bounded to the upper-right on the KC    plane by a solid line, which
may be interpreted as a critical low- Reynolds number dened as: ReL =   KC3=2 =
(2)3=2fA
p
cA= = 180, where the characteristic length scale involves both c and A. At
high KC or , in the regime bounded on the lower-left by a dashed line, the ow is predicted
to become asymmetric with the most unstable mode having m = 1. This dashed line is
dened by a dierent critical Reynolds number as ReH =   KC2 = (2)2fA2= = 467,
where since the oscillations are at high amplitude, the characteristic length scale is given by
this amplitude A alone. The region between these two curves can be further separated into
two parts by a dash-dotted line. On both sides of this line, for a xed value of , as KC
is increased, the value of m associated with the most unstable mode decreases. However,
this decrease exhibits a jump at this line, clearly associated with a change of the dominant
predicted instability branch.
IV. EXPERIMENTAL OBSERVATIONS
The instability regime diagram discussed in section III is also supported by experimental
observations, as shown by the insets of Fig.2 which are obtained from experiments at the
corresponding parameters, although it is important to remember that the stability analysis
is linear, while the structures observed in the experiments are inherently nonlinear. In the
regime predicted to be axisymmetric, axisymmetric vortex rings are indeed observed to be
shed from the disk. The uorescent tracers following the symmetric vortex rings actually
stay at a xed location after shedding from the disk (as shown at the lower-left of Fig.2).
Conversely, within the regime predicted by the linear stability analysis to be asymmetric with
a primarym = 1 instability, turbulent breakdown is actually observed in experiments (shown
at the upper-right of Fig.2), suggesting the onset of an array of higher order instabilities
developing on the theoretically predicted primary instability.
Perhaps the most interesting feature of the experimentally observed unstable ow is the
intermediate-time appearance of large coherent structures which in turn break down to tur-
bulence. In Fig.2, the most unstable azimuthal wavenumber predicted by linear theory is
marked by dierent colours. For comparison, the experimentally observed wavenumbers of
large coherent structures are marked with circles lled with dierent colours. There are clear-
ly some discrepancies between the theory and experimental observations. For KC = 0:565,
6FIG. 3. Top-views of the experimental observation of unevenly azimuthally distributed multi-
mode structures in unstable vortex rings, corresponding to the black lled circles in Fig.2: (a)
(KC; ) = (0:691; 550), (b) (KC; ) = (0:791; 450).
the linearly predicted wavenumber decreases from m = 4 to m = 3 for  > 650, while exper-
imentally, m = 3 wavenumber structures are observed to persist until  ' 850. One natural
possible explanation of this discrepancy is that nonlinearity plays a central role, a possibility
further reinforced by the disordered ow patterns observed for parameters lying near the
dash-dotted line in Fig.2. In this region of parameter space, the two qualitatively dier-
ent `in-phase' symmetric and `out-of-phase' asymmetric instability branches with dierent
wavenumber compete, leading to complex structures, as shown in Fig.3. These structures
have non-trivial variation in their amplitudes azimuthally, and are clearly inherently non-
linear.
The nite amplitude structures for instabilities with ow parameters either side of the
dash-dotted line in Fig.2 are qualitatively dierent. In Fig.4 we show experimental snapshots
from the top view of the oscillating disk for ows with parameters falling between the solid
and dash-dotted lines in Fig.2. Large coherent structures with m = 7; 6; 5; 4; 3, and 2 are
observed, the uorescent tracers roll up and ow radially in clearly identiable `spokes'
towards the center of the disk. These spokes are in phase on either side of the disk, and
so we refer to this parameter region as the in phase branch. However, due to the in-phase
nature of the ngers, it is not possible from top view to observe the vortical structures
shedding from the lower side, although it is apparent, particularly in Fig.4(a) and (b), that
there is a layering in the spokes, marking each of the individual oscillation cycles. Ideally,
these ngers should be evenly spaced circumferentially by an angle of 2=m, but we actually
observe uneven distributions, most probably due to uncontrolled experimental perturbations
or higher order eects, such as the secondary spoke in the top right corner of Fig.4(b).
For ows with parameters between the dashed and dash-dotted lines in Fig.2, snapshots
are shown in Fig.5, taken at the lowest point of the oscillation. Coherent structures with
wavenumber m = 9; 8; 7, and 6 are observed. The vortical structures distorted from the
vortex rings and shed to the upper side are clearly observed above the disk, while the vortex
7FIG. 4. Top-views of structures in the `in-phase' branch (between solid and dash-dotted lines
in Fig.2) with (KC; ) = (0:352; 926), (0:352; 1013), (0:455; 947), (0:502; 947), (0:565; 752) and
(0:942; 289) for (a), (b), (c), (d), (e) and (f), respectively.
rings about to be shed to the lower side are earlier in their development, exhibiting wavy
patterns along the edge of the disk. Crucially, these structures are out of phase above and
below the disk, and so we refer to this branch of instability as the `out-of-phase' branch.
There is qualitative dierence in the nite amplitude structures associated with the out-of-
phase and in-phase branches, even for instabilities with the same azimuthal wavenumber, as
is shown for m = 7 in Fig.5(c) and Fig.4(a) and m = 6 in Fig.5(d) and Fig.4(b).
The in-phase and out-of-phase branches can be even more clearly distinguished from
side views of the ow structures. Fig.6 shows the experimental side views of two typical
cases corresponding to Fig.4(c) and Fig.5(c). It is also worth noting that in Fig.6(a), the
ow structures again exhibit layering due to contributions from each oscillation, although
this layering is not apparent at higher Reynolds number as shown in Fig.6(b). Finally,
we note that the wavenumbers in experimental observations also agree well with previous
three-dimensional direct numerical simulations [26].
V. CONCLUSIONS
We have experimentally visualized nonlinear coherent structures arising from interacting
vortex rings shed from an ellipsoidal disk. These coherent structures exhibit broken ax-
isymmetry with respect to the disk axis. As the scale of the rings increases, or equivalently
as the KC number increases, two qualitatively dierent branches of structures exhibiting a
wide range of azimuthal wavenumber m = 2  9 are identied, followed by an m = 1 mode.
8FIG. 5. Top-views of structures in the `out-of-phase' branch as shown in Fig.2, with (a) (KC; ) =
(0:691; 658), (0:791; 534), (0:791; 591) and (0:942; 422) for (a), (b), (c) and (d), respectively.
FIG. 6. Side-views of the ow structures for (a) (KC; ) = (0:455; 947) and (b) (KC; ) =
(0:791; 591). Equivalent top-view images are shown in Fig.4(c) and Fig.5(c) respectively.
9These two branches are characterised at nite amplitude by in-phase and out-of-phase dis-
tributions of structures above and below the oscillating disk, and in turn illustrate a further
symmetry breaking, this time with respect to the disk plane. We have demonstrated conclu-
sively that these two branches of instability can both grow in a real experimental ow, and
also saturate at nite amplitude exhibiting non-trivial azimuthally periodic structure. Prob-
ing the secondary stability properties and pathways to transition of these nite amplitude
structures is a key future avenue of research, particularly at higher Reynolds number.
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